Passive Tracer Dynamics in 4 Point-Vortex Flow by Laforgia, A et al.
[epj,nal]svjour [T1]fontenc [latin1]inputenc graphics
LYX [1]1
document
Passive Tracer Dynamics in 4 Point-Vortex Flow
A. Laforgia1 X. Leoncini2 L. Kuznetsov3 G. M. Zaslavsky2,4
Dipartimento di Energetica \S. Stecco", Universita degli Studi di Firenze, INFN and INFM, Via di Santa
Marta, 3 50139 Firenze, Italy Courant Institute of Mathematical Sciences, New York University, 251 Mercer
St., New York, NY 10012, USA Lefschetz Center for Dynamical Systems, Division of Applied Mathematics,
Brown University, Providence, RI 02912, USA Department of Physics, New York University, 2-4 Washington
Place, New York, NY 10003, USA Received: date / Revised version: date The advection of passive tracers in
a system of 4 identical point vortices is studied when the motion of the vortices is chaotic. The phenomenon
of vortex-pairing has been observed and statistics of the pairing time is computed. The distribution exhibits a






The understanding of the motion of a passive tracer evolving in an unsteady incompressible flow is
fundamental due to its numerous applications in various elds of research. They range from pure mathemat-
ical interest to geophysical flows or chemical physics. The underlying problem is related to the Lagrangian
representation of the fluid evolution. This approach uncovered the phenomenon of chaotic advection Aref84-
Crisanti92, which refers to the chaotic nature of Lagrangian trajectories in a non chaotic velocity eld
and hence reflects a non-intuitive interplay between the Eulerian and Lagrangian perspective. The on-
going interest in geophysical flows sustains interest in two-dimensional models provenzale99-Meleshko93.
In case of an incompressible flow, the tracer’s motion can be described by a non-autonomous Hamilto-
nian. Another peculiarity of two-dimensional turbulent flows is the presence of the inverse energy cascade,
which results in the emergence of coherent vortices, dominating the flow dynamics Benzi86-Carnevale91.
In order to tackle these problems, point vortices have been used with some success to approximate the
dynamics of nite-sized vortices Zabusky82-VFuentes96, as for instance in punctuated Hamiltonian models
Carnevale91,Benzi92,Weiss99. Recent work shows that high-dimensional point vortex systems have both the
features of extremely high-dimensional as well as low-dimensional systems Weiss98; moreover, the merging
processes observed in decaying two-dimensional turbulence have been shown to result from the interaction of
a few number of close vortices Zabusky96 and make the understanding of low dimensional vortex dynamics
an essential ingredient of the whole picture Aref99,Sire2000.
Another aspect of the problem is related to transport properties, which for various observations and
models exhibit anomalous features. These anomalous properties are linked to Levy-type processes and their
generalizations Chernikov90-Kovalyov2000. These properties are often related to the presence of coherent
structures, which can be identied from a Lagrangian perspective by the means of an analytic criterion-
Haller2000. In previous work, the advection in systems of three point vortices evolving on the plane has
been extensively investigated KZ98-LKZpreprint. Three point-vortex systems on the plane have the advan-
tage of being an integrable system and often generate periodic flows (in co-rotating reference frame)Aref79-
Tavantzis88. This last property allows the use of Poincare maps to investigate the phase space of passive
tracers whose motion belongs to the class of Hamiltonian systems of 1-1/2 degree of freedom. A well-
dened stochastic sea lled with various islands of regular motion is observed and among these are special
islands also known as \vortex cores" surrounding each of the three vortices. Transport in these systems is
found to be anomalous, and the exponent characterizing the second moment exhibit a universal value close
to 3/2, in agreement with an analysis involving fractional kinetics LKZpreprint. In this light, the origin of
the anomalous properties and its multi-fractal nature is clearly linked to the existence of islands within the
stochastic sea and the phenomenon of stickiness observed around them KZ2000,LKZpreprint. Nevertheless
the inherent periodic nature of the motion of three vortices may be thought as articial when considering
systems with more degree of freedom and therefore universal long time behavior of transport properties may
be considered as particular to these low-dimensional periodic systems.
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The motion of N point vortices on the plane is generically chaotic for N 4Novikov78−Ziglin80.However, asystemoffo
vortexsystemsandisinthissenseamorerealisticmodelizationofobservedlowdimensionalbehavior.Thechaotizationoftheund
LKZpreprint; thenatureandrelevanceofthechangesisalthoughunknown.Aprecisestudyofthesequestionsisrequiredandthea
In this paper we investigate numerically the motion of a passive tracer in the eld generated by four
identical point vortices on the plane. This study follows previous work found in Ref. Babiano94 and
Boatto99. In Ref. Babiano94, a rst physical picture was given and the persistence of vortex cores where
tracers are trapped was clearly stated, while in Ref. Boatto99 a rich extensive study is presented and
emphasis is made on the quasi-regular motion of tracers in the region far from the vortices. We note that
in both of these papers, the characterization of \regular" trajectories is dened by the means of vanishing
Lyapunov exponents. For instance, when a tracer is trapped within cores, despite the core’s chaotic motion,
two nearby initial conditions do not diverge exponentially. The goal of the present work is to identify
the dierent structures and dierent mechanisms which may influence the transport properties of passive
particles. Since parameter space is quite large, the philosophy is essentially descriptive, and tracers motion
are studied for one arbitrary chosen initial condition of the vortex system. As the far eld region has been
investigated Boatto99, we focus on the motion near or inside the cores, which we believe should be generic
even for many vortex systems. We will come to the issue of transport properties and nite-time Lyapunov
exponents in a forthcoming publication.
In Sec. section2, we describe briefly the motion of four vortices. We present a Poincare section of the
vortex system, which provides a good test to our numerical integration and allows to characterize easily the
chaotic or non chaotic nature of the motion. A new section capturing all equivalent physical realizations of
the flow is introduced. This section shows the existence of non-uniformity in the phase space, which is linked
to the permutation of vortices and is related to the observation of vortex-pairing. Statistics on pairing times
are computed and exhibit power-law tails, implying nite average pairing time. In Sec. section3 the motion
of tracers is studied, the presence of cores is conrmed and stickiness to the vortex cores is observed. The
influence of vortex pairing is studied, which proves to be a good trapping (untrapping) mechanism of tracers
around the cores. Pairing of vortices allows a special behavior of tracers jumping from one core to another
core, which opens the possibility in many vortex systems of special transport features resulting from jumps
between cores. The motion within the core is studied, dependence of fluctuations as a function from the
distance to the vortex are computed, and no typical diusion behavior is found.
Vortex motionsection2
Denitions
The solution of the two-dimensional Euler equation, describing the dynamics of a singular distribution
of vorticity equation vorticity ω(z) =
∑N
α=1 kαδ (z − zα(t)) ,
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